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1. Drude dynamics and the single relaxation time approximation

(a)

In a short time interval dt:

o with probability 1 — d¢/7 there is no collision and
p(t+dt) = p(t) — eE dt,

e with probability dt/7 there is a collision and p(¢ + dt) = 0.

Taking the ensemble average,

(p(t +dt)) = (1 —~ Cf) ((p(t)) — eEdt) + % 0

= (p(1) — Bt~ (pl(t)) + O(ar?)

In addition

(p(t+dt)) = (p(t)) + %dt

Comparing these equations, and keeping only terms to leading order in dt we obtain

ap)_ g P

dt T

as required.
In steady state, d (p) /dt = 0, so from

0= —cE- P4 = pq = —eT E.
T

The drift velocity is

Vg = — = _7E
m m
The current density is
2
. erT nesr
Jj = —nevq = —ne (—*E) = E.
m m
Thus Ohm’s law j = oo E gives
ne’t
opg =
m

the Drude conductivity.

(8)

(c) Consider the s dependency for fixed ¢ and s > 0. By direct generalisation of the approach above

e+ ass(0) = (1= 2 ) te+9) - B0} + () 0

9)



Expand both sides to linear order in ds and simplify

Lt + 93 0) = — (it + )5 (1)) — eB oy (1)

using Cyj = (pi(t + 8)p;(t)) — (pi(t + ) (p;(t)) and (p;(t)) = —eTE;
aCy _ _Ci

= — == C’ij(s,t) = Cij(O,t)e*S/T, s> 0.

ds T
Note
o (C;; is t-independent Cjj(s,t) = C;;(s,0)
o by its definition Cj;(s,t) = Cj;(—s,t + s)

taken together
C’ij(s,t) = Cij(S,O) = C’ij(—s, O)

from which it follows

C’ij(s,t) = Oij(O,O)eils‘/T

Use
N = /d3rd3pf(r,p,t),
and )
W =y [ Erépitpop
Differentiating,

dip;) 1 s 5 Of
dt *N/drdpplat'

Using the equation of motion for f

d (pi)

For the field term, integrate by parts in p (assuming f — 0 as |p| — o0):

Jaon BV =5, [ oo
= —Ej/d3p5ijf= —Ei/dspf-
Including r gives —FE; N, and therefore
%/d?’rd3ppieE~fo = —eE

For the collision term, define

E / & dpp; / B (Waosp (@) — Wyl (0)).

Exchange p <> q in the first term:

L= [ @ [ @ [ #alaWomaf®) - 5 Woaf )
*/d3 /d3pf [/dg Woosal -

dt - %/dg?ﬂ dsppi |:6E ' fo + /d?’q(Wq%pf(Q) - Wp%qf(p)):| .

(10)

(11)

(18)

(19)



Hence

dilt> —eE; + —/d?’ /d3pf {/ q (g — Pi)Wpsq| - (22)

Hence using the condition in the question, the bracket equals —p;/7, so

d;p»:—eE——/d?’ /d3pf )2

= —eF; — - (23)
Therefore
d{p) (p)
=B = (24)

(e) By direct substitution

/d?’q (q—pP)Wpq = % /dgq (g —p)folq)

e foaa] e

Using the conditions

[Ean@a=0.  [dan@=n (26)
we obtain
/d?’q (@ —P)Wpsqg = —g, (27)
Next, compute the collision integral:
Icoll r p7 /d q q—>pf( ,d, ) Wp_)qf(’l",p, t)] (28)
_ [ g3g [LoP) 4y _ S0l
- [@q |12 ) - 21D i)

= i) [ Pas@ - 50) [ Eana)
= olm)n— fp)7]

— fO(p) — f(p) (29)
T
Hence we obtain

of Jo—f

2L _eE -V, f = 30
2. A failure of Drude’s theory: the thermoelectric correction
(a) For a static solution, df /0t = 0, so the equation of motion becomes

f-va+p.vpf:f°T_f. (31)

Substitute f = fo 4+ 6 f1 + df2, keep only terms linear in X ;, and treat the responses to X, X
separately.

Response to £: when T is uniform, V, fo = 0 and p = —e€&. To linear order,

. . )
P Vedfi kb Vo = — L



Dropping V,.df1 (second order in gradients) and using p = —e€,

—eS-fooz—% = 0fi =71e€ - Vpfo. (33)
For Maxwell-Boltzmann,
Vpfo= —ﬁ;Tfo = _kBLTfO’ (34)
SO
5f1=—k;7c;],5'vf0= F]iB;:Tfo, Fi=—e€. (35)

Response to VT': now set £€ =0, so p = 0 and only the spatial variation of fy contributes:

- V'r’fO = —% = (ng =—TV:- V'r‘fO- (36)

T

With fy depending on r only through T'(r),

dfo dlog fo

Ve fo 5T VT = fo 5T \Y (37)
where by direct calculation
1 2
dlogfo _ 3 p (39)
oT 2T 2mkgT?
Therefore )
v-VT ([ p 3
=—7fp—s | — — kT | .
of2=—7fo T2 (2m 5 kB ) (39)
Writing this as
Fy-vr1
0fs = 40
f2 ’oT Jo (40)
gives
2
- P 3 vT
Fy = (2m 21<:BT> T (41)
as required.
To linear order,
f=Jfo+tdfi+df. (42)
The equilibrium contribution integrates to zero so
) = [ &p(-ev)6fi +552) (43)
and Lo comes from the 4 f5 term (proportional to —VT'). Using
Fy-vr1 vT
5f2—k]37Tf0, FQ__(€_<€>)T’ (44)
we find
i) = e [ dpuire
er
= Tkl /dngiFQ - fo, (45)
etn
= _kBiT <'U7;F2 . 'U>



we then evaluate the equilibrium expectation value

from which we get

and hence

(c) From '
(D)= ) (L)
we identify:

e For VI' =0, (j) = L1:€ =o€, so
L11 = 0.

e For open circuit (5) =0,

0= Lllg + le(—VT) = E=—"VT.

Comparing with &€ = SVT gives

§ =12
Ly

e For VI = O, <]> = Lng and
(4q) = Ln& =T1(j) =TIL11E,

SO
L21 = HL11 = Ilo.

e For (j) =0, & =SVT and

<Jq> =Ln&+ LQQ(—VT) = Lo1SVT — Ly VT.

as <jq> = —rVT

—kVT = (Lle — LQQ)VT = Kk = Log — SLoj.

Using the Kelvin relation I =TS and Ly; = o, we can write

L21 =1Ilo = TSO' = TL12.

L11 L12 _ g CTS
L21 L22 - ToS &k + T0'52

Collecting these,

(46)



(d)

From above,

S —— 59
For Drude,
ne?r entk
Ly =o00= ) Ly =— B~ (60)
m
Therefore
. —entkp/m
ne2r/m
ks
=—— 61
i (61)
So
kg
S=—— 62
. (62)
i. For £=0
(4g) = —LnoVT = —(k + 0S*T)VT. (63)
and hence
’ Kclosed = K+ JS2T‘ (64)
ii. Using the result above,
§F = Rclosed — K _ oS*T (65)
K K
From part (2(e)ii)),
_ oS?T
0k = (66)
K
In Drude theory,
ne?r 5nTkiT
S =—kp/e, g0 =, K= mB (67)
combining these results we get
oS%2T 2
R=— E (68)
For copper at room temperature, using
S~2x10%V/K, 00~59x10"Q 'm™!, k~400Wm 'K, (69)
and T =~ 300K, we estimate
T
Siicn = 295
(5.9 x 107)(2 x 107%)2(300)
- 400
~1.8x 107" (70)
Thus
2
Skca ~ 1074 < = (71)

whereas Drude predicts an O(1) correction. Drude theory therefore dramatically overestimates
the thermoelectric correction to the thermal conductivity.



3. The plasma frequency and the transparency of metals

(a) Fourier transform of the Drude equation of motion gives

—iw (p(w)) = —eE(w) — ;

solving for (p(w))
er

(p(w)) = E(w).

1—iwT

The current density is j = —en (p) /m, and hence

ne3r 1

j(w) = E(w).

m 1 —iwr

Thus, by the definition of j(w) = o(w)E(w)

(b) Take the curl of Faraday’s law:

VX(VXE)Z*%(VXB).

Using Ampere’s law, V x B = ugj + eouo%—f, we get

03 0’E
Vx(VxE)= —Hoafi ~ C0Ho 5

Using Vx (Vx E)=V(V-E)-V?E and V- E =0,

j 0’E
V’E = NOJ + €0l 52

and by Fourier transform

V2E(w) = —iwpoj(w) — eopow® B(w).

Using ¢=2 = egpuo, and j(w) = o(w)E(w)

2
2B = - [14:7@)
V°E(w) = 2 [1 +i - } E(w)
hence we identify
ew)=1+ iM
Eow
(¢) For wr >1
iUO

o(w) = o (1 + O(OJT)_l)

keeping only the leading order term

ew) =1+ 7@ _q %0
EoW EQwW=T
comparing with
w2
_ P

we identify

(76)



(d)

A decaying solution is of the form E(z,w) = Eg(w)e™*/¢ plugging this into

2

V?E = —C—Qe(w)E (86)
we obtain , ,
éE:-% <1—wg>E (87)
solving for &
£= w; = (88)

which diverges as w — w, .

e27r7,'z/)\

An oscillating solution is of the form E(z,w) = Eq(w) plugging this into (86) we obtain

4 2 2 2
dAn? WP (1_%>E (59)

A2 o2 w2

solving for A

which diverges as w — wil

For a monovalent metal, the conduction electron density equals the ionic number density:

Nap
= . 91
" Mmol ( )
Using p = 0.534gcem ™3, mpe = 6.94gmol ™!, Ny ~ 6.02 x 1023 mol~!, we find
.02 x 10%3)(0.534
n o 802X 1070539 =5 © 46 % 102 em= ~ 4.6 x 10% m—>. (92)

6.94

The plasma frequency is

ne?
==, 93
W meo (93)

where m is the electron mass. Plugging in n ~ 4.6 x 102®m™3, e =~ 1.60 x 1071°C, m =~
9.11 x 10731 kg, and €y ~ 8.85 x 10712Fm™" gives

wp &~ 1.2 x 1010571, (94)

The plasma wavelength

2mc _ 27m(3.0 x 10°)

)\ = — s — =
P, 1.2 x 1016

m~ 1.6 x 107" m ~ 1600 A (95)

Experimentally, lithium becomes transparent at about 1850 A. The simple Drude estimate for Ap
is therefore within ~ 15-20% of experiment, which is good given the simplicity of the model.



