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1. Drude dynamics and the single relaxation time approximation

(a) In a short time interval dt:

• with probability 1− dt/τ there is no collision and

p(t+ dt) = p(t)− eE dt, (1)

• with probability dt/τ there is a collision and p(t+ dt) = 0.

Taking the ensemble average,

⟨p(t+ dt)⟩ =
(
1− dt

τ

)(
⟨p(t)⟩ − eE dt

)
+

dt

τ
0

= ⟨p(t)⟩ − eE dt− dt

τ
⟨p(t)⟩+O(dt2). (2)

In addition

⟨p(t+ dt)⟩ = ⟨p(t)⟩+ d ⟨p⟩
dt

dt (3)

Comparing these equations, and keeping only terms to leading order in dt we obtain

d ⟨p⟩
dt

= −eE − ⟨p⟩
τ

(4)

as required.

(b) In steady state, d ⟨p⟩ /dt = 0, so from (4)

0 = −eE − pd

τ
⇒ pd = −eτ E. (5)

The drift velocity is

vd =
pd

m
= −eτ

m
E. (6)

The current density is

j = −nevd = −ne
(
−eτ

m
E
)
=

ne2τ

m
E. (7)

Thus Ohm’s law j = σ0E gives

σ0 =
ne2τ

m
(8)

the Drude conductivity.

(c) Consider the s dependency for fixed t and s > 0. By direct generalisation of the approach above

⟨pi(t+ s+ ds)pj(t)⟩ =
(
1− ds

τ

)
⟨(pi(t+ s)− eEids)pj(t)⟩+

(
ds

τ

)
⟨0⟩ (9)
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Expand both sides to linear order in ds and simplify

d

ds
⟨pi(t+ s)pj(t)⟩ = −1

τ
⟨(pi(t+ s))pj(t)⟩ − eEi ⟨pj(t)⟩ (10)

using Cij = ⟨pi(t+ s)pj(t)⟩ − ⟨pi(t+ s)⟩ ⟨pj(t)⟩ and ⟨pj(t)⟩ = −eτEj

dCij

ds
= −Cij

τ
=⇒ Cij(s, t) = Cij(0, t)e

−s/τ , s > 0. (11)

Note

• Cij is t-independent Cij(s, t) = Cij(s, 0)

• by its definition Cij(s, t) = Cji(−s, t+ s)

taken together
Cij(s, t) = Cij(s, 0) = Cij(−s, 0) (12)

from which it follows

Cij(s, t) = Cij(0, 0)e
−|s|/τ (13)

(d) Use

N =

∫
d3r d3p f(r,p, t), (14)

and

⟨p⟩ = 1

N

∫
d3r d3p f(r,p, t)p. (15)

Differentiating,
d ⟨pi⟩
dt

=
1

N

∫
d3r d3p pi

∂f

∂t
. (16)

Using the equation of motion for f

d ⟨pi⟩
dt

=
1

N

∫
d3r d3p pi

[
eE · ∇pf +

∫
d3q
(
Wq→pf(q)−Wp→qf(p)

)]
. (17)

For the field term, integrate by parts in p (assuming f → 0 as |p| → ∞):∫
d3p pi E · ∇pf = Ej

∫
d3p pi

∂f

∂pj

= −Ej

∫
d3p δijf = −Ei

∫
d3p f. (18)

Including r gives −EiN , and therefore

1

N

∫
d3r d3p pi eE · ∇pf = −eEi. (19)

For the collision term, define

Ii =
1

N

∫
d3r d3p pi

∫
d3q

(
Wq→pf(q)−Wp→qf(p)

)
. (20)

Exchange p ↔ q in the first term:

Ii =
1

N

∫
d3r

∫
d3p

∫
d3q [qiWp→qf(p)− piWp→qf(p)]

=
1

N

∫
d3r

∫
d3p f(p)

[∫
d3q (qi − pi)Wp→q

]
. (21)
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Hence
d ⟨pi⟩
dt

= −eEi +
1

N

∫
d3r

∫
d3p f(p)

[∫
d3q (qi − pi)Wp→q

]
. (22)

Hence using the condition in the question, the bracket equals −pi/τ , so

d ⟨pi⟩
dt

= −eEi −
1

N

∫
d3r

∫
d3p f(p)

pi
τ

= −eEi −
⟨pi⟩
τ

. (23)

Therefore
d ⟨p⟩
dt

= −eE − ⟨p⟩
τ

(24)

(e) By direct substitution∫
d3q (q − p)Wp→q =

1

nτ

∫
d3q (q − p)f0(q)

=
1

nτ

[∫
d3q qf0(q)− p

∫
d3q f0(q)

]
. (25)

Using the conditions ∫
d3q f0(q) q = 0,

∫
d3q f0(q) = n, (26)

we obtain ∫
d3q (q − p)Wp→q = −p

τ
, (27)

Next, compute the collision integral:

Icoll(r,p, t) =

∫
d3q [Wq→pf(r, q, t)−Wp→qf(r,p, t)] (28)

=

∫
d3q

[
f0(p)

nτ
f(q)− f0(q)

nτ
f(p)

]
=

1

nτ

[
f0(p)

∫
d3q f(q)− f(p)

∫
d3q f0(q)

]
=

1

nτ
[f0(p)n− f(p)n]

=
f0(p)− f(p)

τ
. (29)

Hence we obtain
∂f

∂t
− eE · ∇pf =

f0 − f

τ
(30)

2. A failure of Drude’s theory: the thermoelectric correction

(a) For a static solution, ∂f/∂t = 0, so the equation of motion becomes

ṙ · ∇rf + ṗ · ∇pf =
f0 − f

τ
. (31)

Substitute f = f0 + δf1 + δf2, keep only terms linear in Xj , and treat the responses to X1,X2

separately.

Response to E: when T is uniform, ∇rf0 = 0 and ṗ = −eE. To linear order,

ṙ · ∇rδf1 + ṗ · ∇pf0 = −δf1
τ

. (32)
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Dropping ∇rδf1 (second order in gradients) and using ṗ = −eE,

−eE · ∇pf0 = −δf1
τ

⇒ δf1 = τeE · ∇pf0. (33)

For Maxwell–Boltzmann,

∇pf0 = − p

mkBT
f0 = − v

kBT
f0, (34)

so

δf1 = − τe

kBT
E · v f0 =

F 1 · v τ

kBT
f0, F 1 = −eE. (35)

Response to ∇T : now set E = 0, so ṗ = 0 and only the spatial variation of f0 contributes:

ṙ · ∇rf0 = −δf2
τ

⇒ δf2 = −τ v · ∇rf0. (36)

With f0 depending on r only through T (r),

∇rf0 =
∂f0
∂T

∇T = f0
∂ log f0
∂T

∇T (37)

where by direct calculation
∂ log f0
∂T

= − 3

2T
+

p2

2mkBT 2
(38)

Therefore

δf2 = −τf0
v · ∇T

kBT 2

(
p2

2m
− 3

2
kBT

)
. (39)

Writing this as

δf2 =
F 2 · v τ

kBT
f0 (40)

gives

F 2 = −
(

p2

2m
− 3

2
kBT

)
∇T

T
(41)

as required.

(b) To linear order,
f = f0 + δf1 + δf2. (42)

The equilibrium contribution integrates to zero so

⟨j⟩ =
∫

d3p (−ev)(δf1 + δf2), (43)

and L12 comes from the δf2 term (proportional to −∇T ). Using

δf2 =
F 2 · v τ

kBT
f0, F 2 = − (ε− ⟨ε⟩) ∇T

T
, (44)

we find

⟨ji⟩ = −e

∫
d3pvi δf2

= − eτ

kBT

∫
d3pviF 2 · vf0,

= − eτn

kBT
⟨viF 2 · v⟩

(45)
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we then evaluate the equilibrium expectation value

⟨viF 2 · v⟩ = −⟨vivj (ε− ⟨ε⟩)⟩ ∂jT
T

= − 1
3δij

〈
v2 (ε− ⟨ε⟩)

〉 ∂jT
T

= − 2

3m
⟨ε (ε− ⟨ε⟩)⟩ ∂iT

T

= − 2

3m
σ2
ε

∂iT

T

= − 1

m
(kBT )

2 ∂iT

T

(46)

from which we get

⟨ji⟩ =
eτn

kBT
· 1

m
(kBT )

2 · ∂iT
T

=
eτnkB
m

∂iT

(47)

and hence

L12 = −eτnkB
m

(48)

(c) From (
⟨j⟩〈
jq
〉) =

(
L11 L12

L21 L22

)(
E

−∇T

)
, (49)

we identify:

• For ∇T = 0, ⟨j⟩ = L11E = σE, so
L11 = σ. (50)

• For open circuit ⟨j⟩ = 0,

0 = L11E + L12(−∇T ) ⇒ E =
L12

L11
∇T. (51)

Comparing with E = S∇T gives

S =
L12

L11
⇒ L12 = σS. (52)

• For ∇T = 0, ⟨j⟩ = L11E and 〈
jq
〉
= L21E = Π ⟨j⟩ = ΠL11E, (53)

so
L21 = ΠL11 = Πσ. (54)

• For ⟨j⟩ = 0, E = S∇T and〈
jq
〉
= L21E + L22(−∇T ) = L21S∇T − L22∇T. (55)

as
〈
jq
〉
= −κ∇T

−κ∇T = (L21S − L22)∇T ⇒ κ = L22 − SL21. (56)

Using the Kelvin relation Π = TS and L11 = σ, we can write

L21 = Πσ = TSσ = TL12. (57)

Collecting these, (
L11 L12

L21 L22

)
=

(
σ σS

TσS κ+ TσS2

)
(58)
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(d) From above,

S =
L12

L11
. (59)

For Drude,

L11 = σ0 =
ne2τ

m
, L12 = −enτkB

m
. (60)

Therefore

S =
−enτkB/m

ne2τ/m

= −kB
e
. (61)

So

S = −kB
e

(62)

(e) i. For E = 0 〈
jq
〉
= −L22∇T = −

(
κ+ σS2T

)
∇T. (63)

and hence

κclosed = κ+ σS2T (64)

ii. Using the result above,

δκ̃ =
κclosed − κ

κ
=

σS2T

κ
(65)

(f) From part (2(e)ii),

δκ̃ =
σS2T

κ
. (66)

In Drude theory,

S = −kB/e, σ0 =
ne2τ

m
, κ =

5

2

nτk2BT

m
(67)

combining these results we get

δκ̃ =
σS2T

κ
=

2

5
(68)

For copper at room temperature, using

S ≈ 2× 10−6 V/K, σ0 ≈ 5.9× 107 Ω−1m−1, κ ≈ 400Wm−1K−1, (69)

and T ≈ 300K, we estimate

δκ̃Cu =
σ0S

2T

κ

≈ (5.9× 107)(2× 10−6)2(300)

400

≈ 1.8× 10−4. (70)

Thus

δκ̃Cu ∼ 10−4 ≪ 2

5
, (71)

whereas Drude predicts an O(1) correction. Drude theory therefore dramatically overestimates
the thermoelectric correction to the thermal conductivity.
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3. The plasma frequency and the transparency of metals

(a) Fourier transform of the Drude equation of motion gives

−iω ⟨p(ω)⟩ = −eE(ω)− ⟨p(ω)⟩
τ

, (72)

solving for ⟨p(ω)⟩
⟨p(ω)⟩ = − eτ

1− iωτ
E(ω). (73)

The current density is j = −en ⟨p⟩ /m, and hence

j(ω) =
ne2τ

m

1

1− iωτ
E(ω). (74)

Thus, by the definition of j(ω) = σ(ω)E(ω)

σ(ω) =
σ0

1− iωτ
, σ0 =

ne2τ

m
(75)

(b) Take the curl of Faraday’s law:

∇× (∇×E) = − ∂

∂t
(∇×B). (76)

Using Ampère’s law, ∇×B = µ0j + ϵ0µ0
∂E
∂t , we get

∇× (∇×E) = −µ0
∂j

∂t
− ϵ0µ0

∂2E

∂t2
. (77)

Using ∇× (∇×E) = ∇(∇ ·E)−∇2E and ∇ ·E = 0,

∇2E = µ0
∂j

∂t
+ ϵ0µ0

∂2E

∂t2
, (78)

and by Fourier transform

∇2E(ω) = −iωµ0j(ω)− ϵ0µ0ω
2E(ω). (79)

Using c−2 = ϵ0µ0, and j(ω) = σ(ω)E(ω)

∇2E(ω) = −ω2

c2

[
1 + i

σ(ω)

ϵ0ω

]
E(ω). (80)

hence we identify

ϵ(ω) = 1 + i
σ(ω)

ϵ0ω
(81)

(c) For ωτ ≫ 1

σ(ω) =
iσ0

ωτ

(
1 +O(ωτ)−1

)
(82)

keeping only the leading order term

ϵ(ω) = 1 + i
σ(ω)

ϵ0ω
= 1− σ0

ϵ0ω2τ
(83)

comparing with

ϵ(ω) = 1−
ω2
p

ω2
(84)

we identify

ωp =

√
σ0

ϵ0τ
=

√
ne2

mϵ0
(85)
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(d) A decaying solution is of the form E(z, ω) = E0(ω)e
−z/ξ plugging this into

∇2E = −ω2

c2
ϵ(ω)E (86)

we obtain
1

ξ2
E = −ω2

c2

(
1−

ω2
p

ω2

)
E (87)

solving for ξ

ξ =
c√

ω2
p − ω2

(88)

which diverges as ω → ω−
p .

(e) An oscillating solution is of the form E(z, ω) = E0(ω)e
2πiz/λ plugging this into (86) we obtain

−4π2

λ2
E = −ω2

c2

(
1−

ω2
p

ω2

)
E (89)

solving for λ

λ =
2πc√
ω2 − ω2

p

(90)

which diverges as ω → ω+
p

(f) For a monovalent metal, the conduction electron density equals the ionic number density:

n =
NAρ

mmol
. (91)

Using ρ = 0.534 g cm−3, mmol = 6.94 gmol−1, NA ≈ 6.02× 1023 mol−1, we find

n ≈ (6.02× 1023)(0.534)

6.94
cm−3 ≈ 4.6× 1022 cm−3 ≈ 4.6× 1028 m−3. (92)

The plasma frequency is

ωp =

√
ne2

mϵ0
, (93)

where m is the electron mass. Plugging in n ≈ 4.6 × 1028 m−3, e ≈ 1.60 × 10−19 C, m ≈
9.11× 10−31 kg, and ϵ0 ≈ 8.85× 10−12 Fm−1 gives

ωp ≈ 1.2× 1016 s−1. (94)

The plasma wavelength

λp =
2πc

ωp
≈ 2π(3.0× 108)

1.2× 1016
m ≈ 1.6× 10−7 m ≈ 1600 Å (95)

Experimentally, lithium becomes transparent at about 1850 Å. The simple Drude estimate for λp

is therefore within ∼ 15–20% of experiment, which is good given the simplicity of the model.
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